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Abstract 



A continuous infinite system of point particles with strong superstable interac- 
tion is considered in the framework of classical statistical mechanics. The family of 



approximated correlation functions is determined in such a way, that they take into 



account only such configurations of particles in M. d which for a given partition of the 
configuration space M. d into nonintersecting hyper cubes with a volume a d contain no 
more than one particle in every cube. We prove that these functions converge to the 
proper correlation functions of the initial system if the parameter of approximation 
a — ¥ for any positive values of an inverse temperature j3 and a fugacity z. This 
result is proven both for two-body interaction potentials and for many-body case. 
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1 Introduction 

The procedure of lattice approximation is very often used to study continuous systems. 
There is a well-known example of the lattice approximation in Euclidean quantum field 
theory for the model A : 4 : in the two-dimensional space-time which transforms the 



system to Ising model with unbounded continuous spin. In contrast to Euclidean quantum 
field theory, where lattice systems play the role of approximation, in statistical mechanics 
they represent part of the Nature, such as ferromagnetics, quantum oscillators etc. The 
theory of such systems is well developed, unlike continuous systems such as dense gases 
and liquids. The main difficulties in the mathematical description of continuous systems 
in statistical mechanics are accumulation of many number of particles in small volumes. 
To avoid this problems such systems as lattice gas were invented to describe some general 
characteristics of real gases. But in majority of works there was no parameter which in 
some sense restored systems to continuous gases. 

In this work we propose some intermediate approximation of continuous gases, which is 
very close to lattice gases and all main characteristics of continuous gases can be obtained 
with help of limit transition. 

Quasi-continuous approximation of the Equilibrium Classical Statistical Mechanics was 
proposed in the article [9] for the investigation of infinite systems of interacting point 
particles with two-body strong superstable potentials. The matter of this approximation 
is that in integrals which are in the definitions of the main characteristics such as partition 
function and correlation functions integrations are realized over such configuration which 
for a given partition of the configuration space M d into nonintersecting hyper cubes with 
a volume a d contain no more than one point in every cube. Correlation functions and 
pressure of systems defined in such a way though have a proper limit at a — > even for 
infinite volume systems if the interaction potential is sufficiently singular at the origin, 
more exactly if the potential is locally nonintegrable in any bounded region of M. d which 
contains an origin. This fact though is predictable from the physical point of view but 
from mathematical point of view it is a little bit unexpected as the Poisson measure (and 
Gibbs measure too) of the set of such configurations is zero. 

At the same time, such defined system can be approximated by the lattice gas, an 
investigation of which is considerably simplified. This transition from continuous to lattice 
systems and vice versa is particularly important in the investigation of critical behavior of 
infinite systems near phase transition points. 

It was proved in the article [9 J that for any positive values of temperature T (or inverse 
temperature /3 = 1/kT) and fugacity z of infinite classical systems the approximated 
pressure p(~\z, (3; a), where a is the parameter of approximation, tends to the proper value 
of the pressure p(z, (3) of the considered statistical system as a — > 0. In the article [5] 
this result was generalized for the systems with many-body interactions. Later, in the 
article [TT] the same result was obtained for family of the correlation functions, but only 
for sufficient small values of fugacity z, the values of which were bounded by the radius of 



convergence of the Kirkwood-Salsburg expansion for the correlation functions. 

In this article we are going to generalize this result for the case of arbitrary positive val- 
ues of fugacity z and temperature T. Using an expansion in so-called dense configurations, 
which was proposed in [8] for finite range interaction and in the article [6] for infinite range 
potentials, we prove that the family of approximated correlation functions p A ~ (z, (3; a) of 
the finite volume (A <s M. d ) are uniformly bounded by a constant which does not depend 
on the parameter of approximation a and volume A and have pointwise limit p(z, (3) as 
A "j" R d and a — > for arbitrary values of fugacity z and temperature T. This result will be 
proved both for two-body interaction potentials and for many-body potentials of general 
superstable type. 

2 Configuration spaces 

2.1 The main configuration spaces 

Let R d be a <i-dimensional Euclidean space. The set of positions {£j}j e N of identical 
particles is considered to be a locally finite subset in M. d and the set of all such subsets 
creates the configuration space: 

T = r Rd := {7 C R d \ I7 n A| < oo, for all A e B c {R d )} , 

where \A\ denotes the cardinality of the set A and B c (M. d ) denote the systems of all bounded 
Borel sets in M. d . We also need to define the space of finite configurations Tq: 

r = |J r (n) , r (n) := {»)cK d M = n , ne n }, n = nu {o}. 

n€No 

For every A G B c (M. d ) one can define a mapping A^ : T — > No of the form 

N A (r]):= \r] HA\. 

The Borel a-algebra <B(T) is equal to a(N A |A e B c (R d )). See [3], 0] for details. 
We need also to define 

r A :={7ero| 7 cA, AeB c (R d )}, 

By 03 (T A ) we denote the corresponding cr-algebras on T A and r 0i A. 



2.2 Lebesgue-Poisson measure 

Let a be Lebesgue measure on B(M. d ) and for any n6N the product measure o~® n can be 
considered as a measure on 

(R^ = {(xi,...,x n )e (R d ) n \ x^xriik^ 1} 

and hence as a measure a^ on r^ n ^ through the map 
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n 3 (xi, ..., x„) 1-). {xi, ..., x n } e r (n) . 



Define the Lebesgue-Poisson measure X za on *B (Fo) by the formula: 



n! 

n>0 



The restriction of A CT to 23(Fa) we also denote by A CT . For more detailed structure and 
analysis of the configuration spaces T, T Q , T\ see [lj. 

2.3 Partition of R d 



Following Ruelle [13] define the partition of the Euclidean space ~R d into elementary cubs. 
Let a > be arbitrary. For each r 6 Z d we define an elementary cube with an edge a and 
a center ar: 

A a (r) := {x E R d I a(r l - 1/2) < x { < a(r { + 1/2)}. (2.2) 

We will write A instead of A (r), if a cube A is considered to be arbitrary and there is no 
reason to emphasize that it is centered at the concrete point ar. Let A a be the partition 
of M> d into cubes A Q (r). Define, also, the notion of compatible partitions. 

Definition 2.1. Two partitions A a and A / with a' < a are compatible if a/a' e N and 
partition A a can be obtained from the partition A > removing all edges of its cubes which 
do not lie on the edges of the partition A a . 

To avoid some confusion we work in this article only with compatible partitions. 

2.4 Additional configuration spaces 

Define two additional configuration spaces: r^ we call a space of dilute configurations and 
r^ en a space of dense configurations. 



Without any restriction of general case, we consider only that A G B c (M. d ) which is 
union of cubes A a (r) with some fixed a, which depends on the interaction potential. In 
the cases where this particular partition will be important we denote by A(a) the union of 
such cubs. Then 

rf := {7 G T A | | 7A | = V 1 for all A C A} (2.3) 

and 

rf 1 := {7 g T A | | 7A | > 2 for all A C A} . (2.4) 

For any A G A a and any fixed configuration rj G Ta we split the space of dense configu- 
rations Y d £ n into two subspaces: 

it'fo) = ri >} := {7 e r*-| | 7 | > d*(A)} (2.5) 

and 

r^fo) = Ta ] == {7 e ifl l7l < ^(A)} , (2.6) 

where A = A tt (r), < e < 1 and 

d n (A) = dist{^ A), d*(A) = K(A)) e , (2.7) 

where A is the closure of the cube A. It's obviously that T d £ n = T A U T A . And finally 
for X k = UtiA (ri) 

rg(^) = rg := {7 C X fc I | 7A | > ^(A) for all A C X k ] (2.8) 

and 

r { x h {r)) = rg := {7 C X fc I | TA | < rf^(A) for all A C X k ) . (2.9) 

3 Interaction 

For the general case interaction between particles is realized by infinite sequence of inter- 
action potentials: 

V = (0,0,V 2 (xi,x 2 ),V 3 (xi,x 2 ,x 3 ), ...,V p (xi, ...,x p ), ...) (3.1) 

In case of two-body interaction, which is the most popular among physicists components 
of the sequence (13.1 j) look like: 

V 2 (xi, x 2 ) = (p(\xi-x 2 \), V p = 0, p > 3, (3.2) 



The energy of any configuration 7 G To is defined by the following formula: 

M 

uiri) = Uvin) = Y Y v p (x 1 ,...,x p )= Y v ti)> ( 3 - 3 ) 

p=2 {zi,...,x p }C7 ^C 7 :|r ? |>2 

and interaction energy between two configurations r], 7 G T by 

Wfa 7) = WV(»7I 7) = U{t) U 7) - t/(r?) - U(j) = (3.4) 

l»?U7| |r?|,|7| 

= YY Y v i>( x h-,Xi,yi,...,yj). 

p=2 i,j=l {x 1 ,...,x i }CT] 
l +J=P{yi,-,I/j}C7 

The correspondent formulas for two-body interaction are: 

U{ 1 ) = U^ 1 )= J2 ^i-^l), (3.5) 

{xi,X2}C7 

W(vn) = W^ mi ) = X>(|x-y|). (3.6) 

We introduce 3 kinds of interactions, which will be used in this article: 

Definition 3.1. Interaction U is called: 

a) stable (S), if there exists B>0 such that: 

U(rf)>-B\ 7 \, forany7Gr ; (3.7) 

b) superstable (SS), if there exist A > 0, B > and partition A a such that: 

U{i) > A J2 I7a| 2 - B\y\, for any 7 G T ; (3.8) 

agaT 

c)strong superstable (SSS), if there exist m > 2, a > s.t. for any < a < a there exist 

A(a) > 0, 5(a) > s.t. 

Uirf) > A(a) Yl l^| m - B(a)\j\, for any 7 G T . (3.9) 

AGA a :| 7A |>2 

In accordance with these definitions there is a problem to describe conditions on poten- 
tials, which ensure stability, superstability or strong superstability of an infinite statistical 
system. This problem has a long story. A short review of this problem and some new 
results one can find in [TO] and |14| . 
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Remark 3.1. It is clear that if the equation (J3.8P holds for some partition A a with the 
constants A and B then it holds with the same constants A and B for any partition A / 
for which a' < a and they are compatible. 

Remark 3.2. It is clear that if the potential is strong superstable then it is simply super- 
stable with A = A(ao), B = B(ao). 

3.1 Definition of the system with two-body interaction 

(A): Assumption on the interaction potential. Consider a general type of potentials 
<f), which are continuous on R + \ {0} and for which there exist r > 0, R > r , 
<fio > 0, ifi > 0, and e$ > such that: 

l) 0( | x |)^_0- (N )>__p_ for |x|>i?,; (3.10) 

2) 0O|) = + (|x|) > ^-, s>d for bl < r , (3.11) 

\x\ s 

where 

+ (|x|) :=max{O,0(|x|)}, (j>~{\x\) := -min{0, 0(|x|)}. (3.12) 

Note that in the definition 3.1, c)(SSS) the constant a < r . For the interaction potentials 
which satisfy the assumptions (A) define two important characteristics (for any AG A„ 
with a < a ): 

1) v £ (a) := 2* SU P SU P 0~(l x — y\)\ x ~ yf i for any e < e ; (3.13) 

A'eA xeA ^ A ' 

2) b(a):= inf 6 + (\x-y\). (3.14) 

{x,y}cA 

Due to the translation invariance of the 2-body potential the values vq and b do not depend 
on the position of A. The following statement is true. 

Proposition 3.1. Let potential <fi satisfy the assumption (A). Then the interaction is 
strong superstable and the energy U satisfies the inequality (I3.9P with some < oq < r$ 
and if s > d then 

. , . bid) — 2vn(a) , , vn(a) 

m = 2, A(a) = K J y ' > 0, B{a) = -512 (3.15) 

for a < cio. 



See the proof in [11] , More powerful result was obtained in the article [10], but for our 
goals it is sufficient to apply the inequalities (j3.15p . 

Following [6] we introduce the following notations, which will be used in our future 
estimates: 

0+(|x|):=(l-5)0+(|x|), UJ:=U^ tl (3.16) 

<j>f :=6</>+{\x\)-<f>-{\x\), Uf:=U^, 6 e (0,1). (3.17) 

One can deduce from ( I3.16p . (j3.17p . that: 

0(M) = tf(M) + #(1*1), U(i) = ttf ( 7 ) + U?(i). (3.18) 

Proposition 3.2. Let potential <fi satisfy the assumption (A). Then there exist § < a* < r 
such that for any constant 5 G (0, 1/2) 

(1 - 5)b{a) > 2v (o), for a < a* (3.19) 

and the potential cf)f is stable: Up := U^ti^f) > —Bs\j\ , 7 € T wt/i 

1 A 

B 5 = -v (a*) = -b(a*). (3.20) 

Proof. The inequality (13.191) follows from the assumption (A) and the definitions (I3.13P 
and ( I3.14p as for small a they behave as: 

b(a) ~ — and vJa) ~ — §, (3-21) 

a s a d 

and for s>dwe can choose sufficiently small a = a* or (f » <p £ for s = d, where 

(p-(\x\)\x\ £ dx. (3.22) 



As in [TT] (see Proposition 2.1) one can calculate that 

.6(a) v (a)\ v (a) 



^(7) > JL Ita| I 6— ^ — ) ^ — l^xl- (3-23) 

AGA a :| 7A |>2 

Let us chose a* as a root of equation 

6(a) _ Va) = Q _ (3>24) 

4 2 v ; 

Then to satisfy ( I3.19P we have to choose 5 > 1/2 and the constant B$ in ( I3.20p can be 
expressed in terms of parameters of the interaction potential (po, <fio, s and dimension of 

the space d (see Proposition 2.2 in [HJ). I 

8 



3.2 Definition of the system with many-body interaction 

In this section we consider a general type of many-body interaction specified by a family 
of p-body potentials V p : R dp — ¥ R, p > 2. About the family of potentials V := {^p} P >2 we 
will assume: 

Al. Continuity. 

V p e C((M*)p), P >2, 

where 

(R^n = | ( Xl; . . . , Xn ) G (R*)®"| Xfc ^ Xl npn fc ^ /} . 

A2. Symmetry. For any p > 2, any (x) p ) = (xi, ...,x p ) G (R d ) p , and any permutation 
7r of numbers {1, . . . ,p} 

'p\X±, ■■■, Xp) Vp\Xw(l)i •••! •Ett(p))- 

A3. Translation invariance. For any p > 2, any (xi,...,x p ) G (R d ) p , and any 
x eR d 

Vp(xi,...,x p ) = V P (xi +x ,...,Xp + Xo). 

A4. Superstability. For any p > 2 the potentials V p can be represented as 

V p = V?+V<*\ V™ = V + p + V-, (3.25) 

V + := iy p + ) P >_2 V^ := (V^U 

where VL + + V„ = V p , VL^ 1 are defined in the same way as in f )3.12p and V p , p > 2 
provides the stability of the corresponding energy U , i.e. there exists a constant B > 
such that for any configuration r] G r 

CV(^(77)>-SM- (3-26) 

The corresponding decomposition for the energy: 

U(i) = U + { 1 ) + U st { 1 ). (3.27) 

Sufficient conditions on the potentials V p providing superstability inequality were obtained 
in [H]. 

In the article p3] uniform (in volumes A n ) bounds for the family of correlation func- 
tions were obtained for potentials which guarantee superstability (SS) and low regularity 
condition (LR) (see [13j). For 2-body potentials which satisfy the assumptions (A) both 



of these conditions are fulfilled. But for many-body potentials which are not positive for 
p > 3 LR-condition is not satisfied. So, as in the articles |2] and [7jwe formulate so called 
attraction-repulsion relations(inste&d of LR-condition ) which gives a possibility to obtain 
uniform bounds. 

To formulate these assumption for potentials V p , consider some auxiliary constructions. 
Let p > 2 and N £ N. For any union X^ := U^ =1 Aj of cubes A from the partition A a 
(/thb. (j2.2p ) and any e > define values: 

I^-> k »(A i; ...;A N ) := sup V-(x?,...,x^), (3.28) 

(1) . (N) A 

a; v '64, ,...,x y 'sA w 

ii = l,k 1 ,...,i N =l,k N 



where ki + ■ ■ ■ + k N = p,kj > l,j = 1,N and 

/^-> fc ^*(A 1 ;...;A Jlf |e;(A) w ):= (3.29) 

= J- _ I*'™**" 1 ' 1 '- 1 (A i; .., A M ; Ai; ...; A£) f[(l + d A , A ^) , 



where d £ A , A = (dis£(A^, A 7r ( i ))) , 7r is the mapping of indices {1, ..., k} into the set of 
indices {1, ..., M}, (A) T := {A 7r ( 1 ), ..., A.^} i ki + ... + k M + k = p. The distance between 
cubes is the distance between their closures. 

Note that because of translation invariance of interaction potentials for M — 1 all 
indices 7r(i) = 1 and 

/^(AilejAO = J p fcl|S (a; £ ), (3.30) 

i.e. it depends on the size of cube Ai, but it does not depend on positions of Ai. For a 
positive part VJ~ of interaction potentials define the following values: 

«?-■•** (A!,...,A^) := inf V?{x<P,...,x™). (3.31) 

»l=l,fcl,...,tjv=l,fcjv 

A5. Attraction-repulsion relations. There exist a^ > , such that for any N G N, 
any set X^ := U^LjAj, Aj G A a u>z£/i a < a® the following inequalities are true: 
(i) for any A G A a and any p > 2 

I^,(a;i,...,Xp) > 0, if {xi, ...,x p } C A. (3.32) 
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(ii) for any p > 2, 1 < N < p, and 7r : {1, ...,n} h- > {1, ..., iV} 



^'-^(Ai,...^^^ (3.33) 

oo 

2 E E °T • • • Cff^rC^Ai, -, A^v; e, (A).), 

'=0 m i >l,i=T7N':n>l 

mi-i \-rrif4+n=p+l 

where k\ + ■ ■ ■ + kpj = p, C™ = k\/m\(k — m)\, if k > m i C™ = if m > k. 



Remark 3.1. Inequality (I3.33P is a consequence of the combinatorial arguments, which is 
relevant to control the negative part of interaction potentials. From the physical point of 
view it means that for the case when there are at least two particles in some cube (just this 
situation takes place in case N < p), then for sufficiently small size of a cube edge their 
p-body repulsion energy has to be greater than the attraction energy of these two particles 
for all particles of a system and for all I > p-body interactions. 

Lemma 3.1. Let the sequence of potentials V = {V p } p >2 satisfy Al — A5. Then the 
interaction is strong superstable (SSS), i.e. there exist m > 2, a > s.t. for any 
< a < ao there exist A(a) > 0, B(a) > s.t. 

U(j)>A(a) E l7A| m -5(a)|7|, for any 7 e T . (3.34) 

AeA a :| 7A |>2 

with 

A(a)=^ 2 (a)-2^4% 1 ^ 1 (a;0), B(a) = ]T/f ^(a; 0),m = 2, 

p>2 p>2 

and for any 7 G 77 U T x , and 7 G T x U rL'i^n, X' fl X = 0, 



-/9W( 7 |7) - «j8tfv + (7) ^ ^1^1 • ( 3 " 35 ) 



where 1(a) := E P>2 2 % lb ^o.O) (see (13T29D -( 13T30D ). 



Proof. The main line of the proof is the same as the proof of Lemma 3.2 in the article 
[2] and as the proof of Lemma 3.1 in the article [7J. The main difference is in the fact that 
for obtaining the inequality (I3.35J) we use a little bit cumbersome but weaker condition 
( 13T33D than in |2], [7]. ■ 
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3.3 Partition functions and corellation functions 

We introduce an important function, which will be used for the approximation of statistical 
systems: 

x A (7) [ 1, for 7 with| 7A | = OVl, 
I 0, otherwise. 

Let us write an expression for the statistical sum, that includes all possible configurations 
from Ta and an expression for the statistical sum, that includes only dilute configurations 
from r*': 

Z A (z,P):= [ e-^WA Zff (cf 7 ), (3.37) 

Z£\z,p,a):= [ e-*™ J] X A {l)K.{dl) ■= f e-^A^). (3.38) 

Jta AgA^nA JrA 

Let us define correlation function Pa(i]; z,(3) in the case of grand canonical ensemble: 
PA(V, z, fi) := -^—^ [ e-^^X Z(7 (dl), V e T A , (3.39) 

and corresponding correlation functions of quasi-continuous approximation p A '(rj; z,/3,a) 
are defined as: 

p { A \ V ;z,(3,a) := / / e'^^X^rj U dry), (3.40) 

Z A '(z,P,a) Jr A 

where according to ( I3.38P 

\%(vUdry):= J] X A (^l)KAdl). (3.41) 

AeA^nA 

4 Main results 

We prove the results for the infinite volume characteristics, so let (A/) be a sequence of 
bounded Lebesgue measurable regions of M. d : 

Ai C A 2 C . . . C A n C . . . , UA, = R d } (4.1) 

and the sequence (A;) tends to M. d in the sense of Fisher (see [12J, Ch.2, S. 2.1). 

It is well-known that for any configuration rj G To and any sequence ( 14. lft . such that 
r/ C Ai there exists subsequence (A fc ) of (A/), such that 

lim p A / (r/; z, /3) = p(r/; z, /3) < oo (4.2) 

fc— >-oo « 
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for all positive z,(3 uniformly on 23(To) . This result follows from the uniform bounds of 
the family {p Al : A; G B c {R d ): 

P^\z,P)< tb\ e -f>ut (4.3) 

with some positive £, independent of A;, 77. 

The inequality (14. 3 h without exponent in r.h.s. was obtained for the first time in the 
article [13]. In the work [8] a new proof (much easier) was presented with exponent e 1 / 2 
and in the articles [2] and [6] it was proved for many-body interactions for finite range and 
infinite range cases respectively. 

In the next section we give a sketch of proof of the following lemma 

Lemma 4.1. Let the interaction potential V satisfy the assumptions (A) for two-body and 
Al — A5 for many-body interactions. Then there exist some < a* < ao < To and a 
positive constant £_ = £_(a*), which does not depend on A;, a and 77, s.t. 

p£( V ;z,f3,a)<^e-^, (4.4) 

holds for any a < a* such that a*/ a G N. 

So, as in the previous case, there exists subsequence (A^J of the sequence (A/) such 
that one can define 

p(~~\r];z,/3,a) = lim p[„ (r);z,/3, a) < 00. (4.5) 

m— >oo m 

Remark 4.1. The limit functions p(r/; z, (3) and p^~'{rj\ z, (3, a) in (14. 2 p and (14. 5 j) can be differ- 
ent for different subsequences A' k and A^. So, in order to make the function p^~'{jj\ z, (3, a) 
be approximation of the function p(i]; z, (3) we have to take the subsequence A^ in the limit 
(14. 5 P as some subsequence A' k . 

Then we can formulate the following result. 

Theorem 4.1. Let the interaction potential V satisfy the assumptions (A) for two-body 
and Al — A5 for many-body interactions. Then for any e > 0, any positive z and [3 and 
any configuration r\ G T there exists a = a(z,(3,e) > such that: 

\p(wz,P)-p(-\mz,P,a)\<e, (4-6) 

where p(r); z, (3) and p^~\rj\ z, (3, a) are the limits of pA'^iv, z, j3) and p A ~,(r);z,(3,a) respec- 
tively with the same subsequence of the sequence (A/) (see Remark \4 . 1\ ) . 
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Proof. The proof is based on the existence of the limits (14. 2p . ( 14. 5 P and the following 
lemma. 

Lemma 4.2. Let the interaction potential V satisfy the assumptions (A) for two-body and 
Al — A5 for many-body interactions. Then for any sequence A; of the type (14. ip 



? A, 

and hence for any e > there exists a < a*, s.t. the following inequality holds: 



lin iPA, (V,z,/3,a) = p Al (r];z,(3). (4.7) 

a— >0 



\p^\ V ;z,^a)-p Al ( V ;zJ)\<^. (4.8) 

From the existence of the limits (14.21) and (14.31) for any e > 3J£i G N, s.t. for any 
k> K\ the following inequality holds: 

|pA»(77;2,/?)-p(^,/?)l<f- (4-9) 

and 3K 2 € N, s.t. for any k > i^ the following inequality holds: 

Ipgfa; 2, /?, a) - p ( - } (^; *, A a) I < f ■ (4-10) 

3 

Then the statement of the theorem 4.1 follows from ( 14. 8 p with A/ = A^ and (14. 9p . 
(EOD: 

|p(*7;*,£) -p (_) (^;^^) a )l = 

+ PA>j n (r);z,P) - p { A il(r];z,(3,a)+ 

+ Pa» fa ^> A a ) ~ P h) fa z, P,a)\< 

see 

< -H V- =e 

~ 3 3 3 
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Corollary 4.1. The inequality (14.61) ensures existence of the limit: 



limp ( ) (r ] ;z,(3,a) = p(r];z,(3). (4.11) 

a— >0 

/or any positive z, any/3 > and 77 G IV 

For two-body interaction this result in the region of sufficiently small values of a pa- 
rameter z is obtained in the article 1111. 
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5 Proof of the Lemmas 4.1 and 4.2 

5.1 Proof of the Lemma 4.1 

The proof of the lemma ^.1 is based on the expansion of correlation functions into dense 
configurations which was proposed in [6j (see, also, [7J) and actually coincides with the 
proof of the theorem 2.2 of the article [6] for two-body interaction and with the proof 
of the theorem 2.1 of the article [7] for many-body interaction. The main difference in 
proving the lemma 4.1 is that in the definition of the correlation functions p A (rj; z, (3, a) 
the integrals are w.r.t. the measure A a (see (I3.40p . (I3.41J1 ). unlike in is in the definition 
of the correlation functions p\(j];z,/3) where the integrals are w.r.t. the measure A (see 
( I3.37p -f l3.39p ) which takes into account all possible configurations. So, the main goal of 
this lemma is to show that the constant £_ in the inequality (j4.4p does not depend on the 
parameter a. So, in this section we give only main point in the construction of expansion 
and estimate some value which did not appear in the previous proofs. 

In order to arrange this expansion let us define also an indicator of a dense configuration 
in any cube A G A a as x+(l) = 1 — X-il)- 

Then we use the following partition of the unity for any 7 G I\ with a = a*, i.e. A at : 

N A(a») n 

1= II [x-(7)+xt(7)] = £ £ IIx+W II xti-r) ■= 

AcA(a.) n=0 {A 1) ...,A„}cA(o*) »=1 AcA(a,)\U^ 1 A, 

:= £ X X + {l)t- {a ' )XX {l), (5.1) 

0CXCA(a«) 

where N^ = |A|/af (here the symbol |A| means Lebesgue measure of the set A(o*)) is the 
number of cubes A in the volume A = A(a*)(see subsection 2.4), and 

X±(7) = II ^±(7)- (5-2) 

AcX 

Inserting (j5.ip with a = a* into the definition (13.401) of correlation functions pj^ (j}\ z, (3, a) 
with a < a* s.t. — G N we obtain: 

pP(mz,M = ( _ } / £ / e-^^)^(7)x^(7)AL(r/Urf 7 ). (5.3) 

Z A [z, p, a) cxcA(a«) ^ rA 

Remark 5.1. We want to stress that the sets X in (15. 3p are the unions of cubes A G A 0]0 
but in the product of the definition A" CT (77 U dj) (see f)3.4ip ) A G A a with a < a* and 
a*/a G N. 
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The next steps in the construction of expansion and estimates are completely the same 
as in the proof of the theorem 2.2 of the article [6] for two-body interaction and the theorem 

2.1 of the article [7] for many-body interaction. It is necessary only to note that to change 
the integration w.r.t measure \ a zu {f] U djA') f° r the integration w.r.t. measure A^c^a/) 
(see (I3.4ip ) we use the following inequality: 

X-(V^1A') < X A '(7A')> 
which follows from the definition ( 13. 36ft for any A' G A a and any 7 G T. ■ 

5.2 Proof of the Lemmas 4.2 

Let us insert now the unity (15. ip (but with partition A into cubes with edges a instead of 
a* and the argument i] U 7 in each function x± ) m A3.39I1 . Then we obtain the following 
expansion: 



Pa(v,z,/3) = tt4^E / e-^^^(^U7)x MX (r/U7)A ZCT (rf 7 ). (5.4) 

Extracting the first term at X = and using the definitions (I3.37p -( )3.40p we can rewrite 
(15. 4p in the following form: 

Pa{w*,P) = ^r^- p ( A ) (v-,z,/3,a) + R A ( m z,^a), (5.5) 

^A{Z, P) 
where 

R\ V ;z,(3,a) = -^— J2 [ e-^^x X + {v^l)ty X {v^l)^{dl). (5.6) 

The proof of the lemma 4.2 is based on two technical lemmas. 

Lemma 5.1. Let the interaction potential V satisfy the assumptions (A) for two-body and 
Al — A5 for many-body interactions. Then for any fixed volume A G 23 c (R d ) and any 
configuration 77 G T the following holds: 



\imR A (mz,f3,a) = Q. (5.7) 

a— s-0 



Proof. See Appendix. 
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Lemma 5.2. Let the interaction potential V satisfy the assumptions (A) for two-body and 
Al — A5 for many-body interactions. Then for any fixed volume A G *B c (IR d ) the following 
holds: 

a^O Z A (Z,P) 

Proof. In the articles [9] and [5] the following estimate was obtained: 

on which the proof of the fact that the pressure of approximated system converges to the 
pressure of the real system is based. From the other hand in accordance with the definitions 
(KE57J1 . (13T38J) it is clear that 



zt\z 1 M <1 

Za(z } /3) ~ 



As a result we have 



a^O Z A (Z,P) 

6 Appendix 

Proof of the lemma 5.1 

Using (I3.18P for two-body potential and ( 13.2T[) for many-body interaction, one can 
rewrite f)5.6p in such a way: 

e -^(- l u 7x ; 7MX )-I^+(,u 7 ,) e -^( 7MX )~A\l^ u l)Xzu ( dl y ( 61 ) 

Using infinite divisibility property of Lebesgue-Poisson measure, the estimate: 

e -/3W(r ? U 7x ;7A\x)-|/3^ + (r?U7 X ) < e /3v*(a)(\r)\+\>y x \) 

and the fact that 
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where v*(a) = Vq(o) for two-body potential and v*(a) = 1(a) for many-body interaction 
(see. (I3.35P ). we obtain from (16. ip : 



f ~„/3v*(a)\\r]\ r 

v£f L_ ST I e -H{\U+{r 1 VMx)+U at {f 1 VJ 1 x)+v,(a)\ lx \) x 



AV ' ' ' 0^XCA Ji -> 

x x+ (V U i)\z*{d lx ) [ e-? u ^\^\ za (d lK \ x ). (6.2) 

Let us take into account that 



r A\X 



r A\x 



and Z A \ x {z,(3) < Z A (z,(3). 
Then we have from (16.2 



R A ( V ;z,P,a)< (ze^^)!"' ^ / e -Kiu+(r,uj x )+u^v^ x )+v4a)\j x \)~x^ u 7 )A 2ff(rf7x ). 

(6.3) 
Let A,, be a union of cubs which contain points from the configuration rj. Then using 
Proposition 3.1, lemma 3.1 and inequalities (l3.9p .( 13T3~3| we have: 

R A (ri;z,/3,a)< (ze^ v * {a)+B ^ a)) )^(R A + R A ), (6.4) 

where 

A v-^ f E /3(-iA(a)| 7A | 2 +(B(a)+^(a))| 7A |)_ 

R t= E / eA " ; x+(r/U 7 )A, (T (rf7x), 



»^C(A\A,) 



A' 



_ /• E /3(-|A(a)(| 7 A|+|r? A |) 2 +(B(a)+«*(a))l7Al) „ 

R i= E / eAe( " xJfoU 7 )A«,(d 7 x) 

xnA^^0 

with A (a) and -B(a) as in ( I3.15P for two-body potentials and (I3.34[) for many-body inter- 
action. Using again the infinite divisible property of the Lebesgue-Poisson measure and its 
definition one can calculate 



/ 9lA(a)| 7A | a +/»(B(a)+«.(a))| 7 Al x A( 7A ) Aw ( d7A ) = (55) 

y^ [fl Z) c -i0A(a)nH0(B(a)+v*(a))n < / x 



e 

00 -' d ^n 



n=2 
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where 

ei(a) —7- 0, hkih;o a — > 0. (6.6) 

Then after summing w.r.t. X we obtain the following estimate: 

IAVWjI I A \ A I |A\A„| . 

Rt < (1 + ei (a))^ - 1 < ei (a)^^(l + eiCo)) 1 ^- 1 . (6.7) 

To estimate R% let us rewrite it in the form: 



R2= Yl Ro(VxnA v ;z,(3,a)x (6A 



0^XCA, 
xr\A v ^$ 



r X\A v 



E /3(-^(a)|7A| 2 +(B(a)+^(a))| 7 Al) „. . 



where 



E /3(-^A(a)(h A | + | 7A |) 2 + (B(a)+^(a))| 7A |) 

< = / e*« nA * xT^V U 7xnAjA ZCT (rf 7 xnAj 



xnAs 



J-J /" e/3 (-lA(a)(|, A | + | 7A |) 2+ ( B (a) + .,(a))| 7A |) x A (r/A y ^^(rf^). (6 . 9) 

■VnA -Ta 



T a 
Estimating iiiaximuiii of the exponent we obtain: 



<(r /xnAt; ;^/3,a)<e-^ 2A ( a )-^--( a )) TT / A^ 7 a) < e 



-/9(2A(a)-B(o)— u* (a)) za d | 



AcxnA, " r A 

(6.10) 



Using ( 16. 8p . ( 16.1 Op we can estimate _R A from above in the form: 

^A < e -P(2A(a)-B(a)-v«(a)) e za d \ V \ x 

E /3(-iA(a)| 7A | 2 + (B(a)+^(a))| 7A |) 



E / eAC(XXA ^ xf A "(7x\AjA 2CT (d 7AA J. (6.11) 



0^XCA, " L x \ A v 

xnA v ^ 



Let us take into account that for any *B(rA)-measurable function -F( 7 ) the following holds: 

E / i? (7A'\AjA^(rf 7 x\Aj < 



0^XCA a nA, X \ A >) 

xnA„^0 



(2 W -1) E / i71 (7x)A 2(T (rf 7 x) (6.12) 



XCA a nA\A„ " A 
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Using this fact and infinite divisibility property of Lebesgue-Poisson measure we obtain 
from dSHIJ: 

^A < e -l3(2A(a)-B(a)-v,(a)) e a d \ V \^ 2 \v\ - 1) X 

Y^ TT f e /3 (~^ (a)l7A|2+(B(a)+ "* (a))l7A| )x 

1CA\A, AcX ^ r ^ 

X+(7A)A, ff (rf 7A ) < e - p{2A{a) - B{a) - v * {a)) e zad ^{2^ - 1) (1 + ei(a))^ . (6.13) 

It follows from fy}, fEZ}, (EH that: 

jaw^ / |A\AJ 



R A { V ;z,(3,a) < (^(-b(«)+«*(«)))M (i + ei ( a ))-^ 



eiia) 



o J 



(2 1 " 1 - 1)(1 + ^(aJje-^W^^'^e^^^O.ffliAo a -> 0, (6.14) 

This is the end of the proof. 
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